Abstract. It is an important problem in differential geometry to find non-naturally reductive homogeneous Einstein metrics on homogeneous manifolds. In this paper, we consider this problem for some coset spaces of compact simple Lie groups. A new method to construct invariant non-naturally reductive Einstein metrics on normal homogeneous Einstein manifolds is presented. In particular, we show that on the standard homogeneous Einstein manifolds, except for some special cases, there exist plenty of such metrics. A further interesting result of this paper is that on some compact semisimple Lie groups, there exist a large number of left invariant non-naturally reductive Einstein metrics which are not product metrics.
Introduction
The study of Einstein metrics has been one of the central problems in Riemannian geometry. Recall that a connected Riemannian manifold (M, g) is called Einstein if there exists a constant c such that Ric(g) = cg, where Ric(g) is the Ricci tesnor of (M, g). In general, the related problems in this field are rather involved and difficult. For example, till now a sufficient and necessary condition for a manifold to admit an Einstein metric is still unknown. As another remarkable open problem, it has been a long standing problem whether there is a nonstandard Einstein metric on the 4-sphere S 4 , see for example [20] . This problem particularly reveals the fact that finding new examples of Einstein metrics is essential in this topic.
Although in the homogeneous case many beautiful results have been established, a complete classification of homogeneous Einstein manifolds still seems to be unreachable. Even if in the compact case, the classification has only been achieved for spheres, normal homogeneous spaces and naturally reductive metrics; see [9, 21] . See also [5, 6, 7, 22, 19] for some important and interesting results on the existence (or non-existence) of homogeneous or inhomogeneous Einstein metrics on some special manifolds. Meanwhile, in the literature there are some excellent surveys of the development of this field, see for example [4, 16, 18] .
The method of Riemannian submersion is an important tool to construct new examples of Einstein metrics, and it has been applied to obtain many interesting existence results; see Chapter 9 of [4] and some results in [1, 2, 10] . Let G/H be a compact connected homogeneous space, and g = h + m a reductive decomposition of g, where g, h denote the Lie algebras of G and H respectively, and m is a subspace of g such that Ad(H)(m) ⊂ m. Then there is a one-to-one correspondence between the G-invariant Riemannian metric on G/H and the Ad(H)-invariant inner product on m. Recall that an invariant metric on G/H is called normal if the corresponding inner product on m is the restriction of a bi-invariant inner product on g. In particular, let B denote the negative Killing form of g, and g B be the standard metric on G/H induced by B| m . Then g B is normal. The coset space G/H is called a standard homogeneous Einstein manifold if the standard metric g B is Einstein. In [21] , M. Table A and Table B 
Wang and W. Ziller obtained a classification of standard homogeneous Einstein manifolds G/H with G compact simple. Let K/H → G/H → G/K be a Riemannian submersion with totally geodesic

Theorem 1.2. Let (G, L, K, H) be one of the basic quadruples in
. Then besides the three homogeneous Einstein metrics associated to the Riemannian submersions K/H → G/H → G/K and L/H → G/H → G/L, there always exists another Einstein metric on G/H of the form g (x,y) with x 1, x y, except for the following three cases:
(1) Type A. 4 with n 1 = 9m + 1, n 2 = n 3 = 2, k = 2m, m ∈ N + , namely, the quadruples sp(8m(9m + 1)), (9m + 1)sp(8m), 2(9m + 1)sp(4m), 4(9m + 1)sp(2m) . As an application of Theorems 1.1 and 1.2, we obtain some new invariant Einstein metrics on some flag manifolds G/T , where G = SU(n), SO(2n), or E 8 , and T is a maximal compact connected abelian subgroup of G. Moreover, Table B provides many new invariant Einstein metrics on compact simple Lie groups which are not naturally reductive. Finally, we prove the following su(n 1 n 2 n 3 k) s(n 1 n 2 n 3 u(k)) s(n 1 u(n 2 n 3 k)) s(n 1 n 2 u(n 3 k)) k ≥ 1, n i ≥ 2 2 so(n 1 n 2 n 3 k) n 1 n 2 n 3 so(k) n 1 so(n 2 n 3 k) n 1 n 2 so(n 3 k) k ≥ 2, n i ≥ 2 3 so(n 1 n 2 k) ⊕ l i=1 h i n 1 so(n 2 k) n 1 n 2 so(k) k ≥ 3, n i ≥ 2 4 sp(n 1 n 2 n 3 k) n 1 n 2 n 3 sp(k) n 1 sp(n 2 n 3 k) n 1 n 2 sp(n 3 k) k ≥ 1, n i ≥ 2 5 e 6 R 6 so(10) ⊕ R so (8) 
In Section 2, we survey some results on homogeneous Einstein metrics. In particular, we recall some results of M. Wang and W. Ziller on naturally reductive and non-naturally reductive Einstein metrics. In Section 3, we give the definition and classification of standard quadruples. Section 4 is devoted to the calculation of Ricci curvature of the related coset spaces. The main results of this paper are proved in Section 5. To make the main proofs of the paper more concise, we collect some repetitive case by case calculations in Section 5 as two appendixes.
Naturally reductive and Non-naturally reductive Einstein metrics
In this section, we recall some results on naturally reductive and non-naturally reductive Einstein metrics, for details, see [3, 9] .
Let (M, g) be a connected Riemannian manifold and I(M, g) the full group of isometries of M. Given a Lie subgroup G of I(M, g), the Riemannian manifold (M, g) is said to be G-homogeneous if G acts transitively on M. For a G-homogeneous Riemannian manifold, we fix a point o ∈ M and identify M with G/H, where H is the isotropy subgroup of G at o. Let g, h be the Lie algebras of 1 AND SHAOQIANG DENG 2 G and H respectively. Then g has a reductive decomposition g = h + m (direct sum of subspaces), where m is a subspace of g satisfying Ad(H)(m) ⊂ m. Then one can identify m with T o M through the map
In this case, one can pull back the inner product g o on T o M to get an inner product on m, denoted by , . Given X ∈ g, we denote by X m the m-component of X. Then a homogeneous Riemannian metric on M is said to be naturally reductive if there exists a transitive subgroup G and m as above such that
In [9] , D'Atri and Ziller investigated naturally reductive metrics among the left invariant metrics on compact Lie groups, and give a complete description of this type of metrics on simple Lie groups. Now we recall the main results of them.
Let G be a compact connected semisimple Lie group, and H a closed subgroup of G. Denote by B the negative of the Killing form of g. Then B is an Ad(G)-invariant inner product on g. Let m be the orthogonal complement of h with respect to B. Then we have
be the decomposition of h into ideals, where h 0 is the center of h and h i (i = 1, . . . , p) are simple ideals of h. Let A 0 | h 0 be an arbitrary metric on h 0 . Based on the above theorem, D'Atri and Ziller [9] obtained a large number of naturally reductive Einstein metrics on compact simple Lie groups. Now we recall some results of Wang and Ziller. Let (G/H, g B ) be a compact connected homogeneous space with the reductive decomposition g = h + m. Denote by χ the isotropy representation of h on m. Let C χ,m be the Casimir operator defined by Given a subalgebra h of g, one can consider the metric g t = B| h + tB| m , t > 0, as a left invariant metric on G. Clearly, g t is naturally reductive. If t = 1, then g t is Einstein since it is bi-invariant. G. Jensen [13] [3, 13, 15, 17] . The problem of finding left invariant Einstein metrics on compact Lie groups which are not naturally reductive is more difficult, and is stressed by J.E. D'Atri and W. Ziller in [9] . In 1994, Mori initiated the study of this problem. Mori showed that there exists non-naturally reductive Einstein metrics on the Lie group SU(n) with n ≥ 6 by using the method of Riemannian submersions [14] . Later, in [3] , the authors established the existence of non-naturally reductive Einstein metrics on the compact simple Lie groups SO(n) with n ≥ 11, Sp(n) with n ≥ 3, and the exceptional groups E 6 , E 7 and E 8 . Recently, some non-naturally reductive Einstein metrics have been found on the compact simple Lie groups SU(3), SO(5), G 2 and F 4 ; see [8, 12] . We summarize the above results as following Theorem 2.5. ( [14, 3, 8, 12 ]) The compact simple Lie groups SU(n) (n ≥ 6), SO(n) (n ≥ 11), Sp(n) (n ≥ 3), G 2 , F 4 , E 6 , E 7 and E 8 admit non-naturally reductive Einstein metrics.
Theorem 2.1 ([9]). Keep the notation as above. Then a left invariant metric on G of the form
Up to now, it has been an open problem whether there exists a left invariant non-naturally reductive Einstein metric on the compact simple Lie groups SU(n), with n = 4, 5, or SO(n), with n = 7, 8, 9, 10.
Classification of standard quadruples
Let G be a compact semisimple connected Lie group, and H K L be three closed proper subgroups of G such that G acts effectively on the coset space G/H. We denote by h, k, l, g the Lie algebras of H, K, L, G, respectively, and B h , B k , B l , B the negative of the Killing forms of h, k, l, g, respectively. Then g has a B-orthogonal decomposition
where n, u, p are the subspaces of k, l and g respectively. Denote m = n + u + p. Then it is easily seen that
be the adjoint representation of h on n, u, p, k on u, p and l on p, respectively, and C h,n , C h,u , C h,p , C k,u , C k,p , C l,p the corresponding Casimir operators defined by (1) G is compact and acting effectively on G/H; (2) There exist constants c 1 ,
We first prove a simple but useful lemma.
Lemma 3.2. Let (G, L, K, H) be a basic quadruple. If the standard metrics on G/K and G/H are both Einstein, then the constants h
n , h u , h p , k u , k p , l p are given by h n = h u = h p = 1 dim G/H i (1 − α i ) dim H i , (3.7) k u = k p = 1 dim G/K i (1 − β i ) dim K i , (3.8) l p = 1 dim G/L i (1 − γ i ) dim L i , (3.9)
where H i , K i , L i are the simple factors of H, K and L respectively, and B
Proof. First, (3.7), (3.8) and (3.9) can be easily calculated by taking the trace of C h,n , C k,u and C l,p . Then (3.10) and (3.11) follows from the facts that
Finally, (3.12), (3.13) follows from (3.9) and (3.8).
Note that for a general compact simple subgroup H ⊂ G, there always exists a constant c such that B h = cB| h . The method of computing c is given in [9] . In particular, if h is a regular subalgebra of g (see [11] ), then the constant c is given by
where α ′ m , α m are the maximal root of h and g, respectively. We must mention that, in this paper, most subalgebras are regular. Note also that the values of B(α m , α m ) for compact simple Lie groups have been given in Table 3 of [9] . For convenience, we summarize some of the results as the following table. In the case that H is semisimple, the following results will be useful. 
Theorem 3.4 ([21]). Let G be a compact connected simple Lie group and H a semi-simple subgroup such that G/H is standard homogeneous Einstein but not strongly isotropy irreducible. Then there exists a constant c such that B h = cB| h except for the following two cases:
Proof of Theorem 1.1 Let (G, L, K, H) be a basic quadruple with G compact simple, such that Table XI of [21] . Combining Table IA and Table XI of [21] , we can find out all the subgroups L of G which contains K such that the standard metric on G/L is Einstein. Applying Proposition 3.3 and Theorem 3.4, we can determine all the ones such that there exists a constant c with B¯l = cB|¯l among the above subgroups . The result is listed in Table A. On the other hand, if H={e},
is also a fibration of Einstein metrics listed in Table XI of [21] . According to Definition 3.1, we only need to find out all the subgroups L such that K ⊂ L and there exists a constant c 1 > 0 with B l = c 1 B| l . Combining this with Proposition 3.3 and Theorem 3.4, we get Table B . This completes the proof of Theorem 1.1.
There are two types of the basic quadruples which need some more interpretation, namely,
These two types of basic quadruples are constructed through the following observation.
is also a symmetric space. Let π be the isotropy representation of G/H. Then it has been shown in [21] 
This assertion will be useful in the following sections.
Ricci curvature of the invariant metrics
As in Section 1, given a basic quadruple (G, L, K, H), we consider G-invariant metrics of the form
on the homogeneous space G/H. In this section, we mainly study the condition for g (x,y) to be Einstein. First, we have
basic quadruple with G simple, then the left invariant metric g (x,y) on G is naturally reductive with respect to G × N for some closed subgroup N of G, if and only if at least one of the following holds:
Proof. It follows from Theorem 2.1 and the fact that k and l are subalgebras of g.
The following result is obvious, so we omit the proof.
be two invariant metrics on G/H and G
′ /H ′ defined as above, respectively. Then (G/H, g (x,y) ) is isometric to (G ′ /H ′ , g ′ (x ′ ,y ′ ) ) if
and only if there exists an isomorphism
Now we compute the Ricci curvature of g (x,y) . It is well known that the sectional curvature and Ricci curvature of a homogeneous Riemannian manifold can be explicitly expressed using the inner product on the tangent space and the Lie algebraic structure. In the literature, there are several versions of the formulas. Here we will use the formula of the Ricci curvature of an invariant metric on a homogeneous compact Riemannian manifold given by [4] (see (7.38) of [4] ): 18) where {X i } is an orthonormal basis of m with respect to the restriction of the inner product , to m. Now we have
Then the Ricci curvature of (G/H, g (x,y) ) is given as follows:
Proof. The formulas will be proved through a direct computation. Let
√ y } is an orthonormal basis of m with respect to g (x,y) . Given n ∈ n, u ∈ u, and p ∈ p, by (4.18), one has
Similarly, Ric(n, p) = 0. On the other hand, we have
which proves the first assertion.
Now, a direct calculation shows that
we have
Furthermore, using a similar argument, we get
Next, since
Therefore we have 20) and
Finally, since
This completes the proof of the lemma. 
where
then invariant metric g (1,y) on G/H is Einstein if and only if y satisfies the following equation:
( c 1 4 + 1 2 h n )y 2 − ( 1 4 + 1 2 l p )y + 1 2 ( 1 2 + l p − c 1 2 − h p ) = 0. (4.25)
Moreover, in this case, the invariant metric g (x,y) (x 1) on G/H is Einstein if and only if (x, y) satisfies the conditions:
27)
Proof. By Lemma 4.3, the invariant metric g (x,y) on G/H is Einstein with Ricci constant λ if and only if (x, y) satisfies the following equations: 
Moreover, plugging (4.29) into (4.31), we have
Now assume (x, y) (x 1) is a solution of equations (4.29), (4.30) and (4.31). Then plugging (4.29) into (4.30), we get
Therefore we have
and
Now plugging (4.29) into (4.31), we have
Then we have
Now substituting (4.35) into (4.39), we obtain
Notice that if h n = h u , then ∆(x) = (x − 1)δ(x), where
Thus, in this case, equation (4.22) can be divided by (x − 1) 2 , which leads to the following equation: .22) is an equation of order six in one variable, hence it might admit no real solutions. Moreover, if the isotropy representation of H on T eH (G/H) decomposes into exactly three non-equivalent irreducible summands, then the G-invariant metrics must be of the form g (x,y) up to scaling. These facts may provide us with a method to obtain new homogeneous spaces which admit no G-invariant Einstein metrics. However, we will not deal with this problem here.
Einstein metrics on normal homogeneous Einstein manifolds
To prove the main theorem of this paper, we need the following result. Table A and Table B , and denote
Proposition 5.1. Keep the notation as above. Let (G, L, K, H) be a standard quadruple listed in
ω 1 = 1 4 + 1 2 l p − k p − c 1 2 , ω 2 = 2k p + c 1 − 2c 2 − 4h p . Then we have ω 1 ≥ 0, ω 2 ≥ 0 except
for the following cases:
: (a) Type A. 4 . n 1 = n 2 = 2.
Or n 2 = n 3 = 2.
.
, ω 2 = 2k 4k + 1 .
: (e) Type B. 4. so(8) ⊃ so(7) ⊃ g 2 ⊃ {e}.
: (f) Type B. 5. f 4 ⊃ so(9) ⊃ so(8) ⊃ {e}.
Proof. Let (G, L, K, H) be one of the standard quadruples listed in Table A and Table B 
In particular, if G/L is also a symmetric space, then l p = 1 2 , and hence we have
Moreover, it is obvious that, if H = {e}, then ω 2 > 0. We first consider the cases of Type A. 7, 8, 10, 11 and Type B. 8, 9, 10, 11, 12. In these cases, G/L = E 8 /SO(16) is symmetric, and we have l p = 
> 0, and
where we have used the facts that dim G = dim e 8 = 248, dim L = dim so(16) = 120, dim K ≤ dim 2so(8) = 56, and dim H ≤ dim 8su(2) = 24. Next we will give an explicit description of the related quantities for the rest cases listed in Table  A and Table B . Since the computations are somehow repetitive and rather lengthy, we collect the description in Appendix A. Now the proof of the proposition is completed by the above arguments and the description in Appendix A. Now we can prove the main theorem of this section.
Theorem 5.2. Let (G, L, K, H) be a basic quadruple, such that k
u = k p , h u = h p .
Then G/H admits at least one invariant Einstein metric of the form g (x,y) , with x 1, x y, if one of the following conditions holds:
( Table A and Table B 
and G is simple. That is, (G, L, K, H) is one of the standard quadruples listed in
(II) Type A. 5.
Proof. Keep the notation as above. Suppose 
Then equation (4.22) can be simplified as:
This implies that
Thus to prove the theorem, it is sufficient to show that the equation (of x)
admits a real positive solution x 1, α or β. Now we prove this assertion case by case.
2 (h n − h u ) < 0, so we can assume 0 < α < 1 < β without losing generality. Notice that
and lim x→+∞ f (x) = +∞.
Thus there exist real numbers z 1 , z 2 ∈ R such that 0 < z 1 < 1 < z 2 , and f (z 1 ) = f (z 2 ) = 0. Notice also that the equation η(x) − Case 2 h n = h u , and G is simple. In this case, the standard metrics on G/L, G/K and G/H are Einstein, and these spaces have been classified in Section 3, which are listed in Table A and Table B .
Clearly, x = y = 1 is a solution of the system of equations (4.29), (4.30), and (4.31). That is to say, x = 1 is a solution of (4.22), so one of α, β is equal to 1. Without losing generality, we assume α = 1. Then by (5.48), we have β
. Then can easily deduce the fact β > 1 from the proof of Theorem 5.10 of [21] . Now letf
. Thus the theorem will follow if one can prove that, in this case, f (x) = 0 admits a real positive solution x 1, β except for the three cases (I), (II) and (III).
First, by the facts thatf 
In summarizing, we have the following facts:
Notice that (5.54) is also valid when G is only semisimple. Now by Proposition 5.1, for any standard quadruple (G, L, K, H) listed in Table A and Table B , there exists an invariant Einstein metric on G/H of the form g (x,y) with x 1, x y, except for the cases (a)-(f) therein. We will deal with the cases of (a)-(f) listed in Proposition 5.1 in Appendix B. Now the proof of the theorem is completed.
It is clear that Theorem 1.2 is the second case of this Theorem. In particular, from Table A , we obtain some new invariant Einstein metrics on some flag manifolds G/T , where G = SU(n), SO(2n), or E 8 , and T is a maximal compact connected abelian subgroup of G. These Einstein metrics on flag manifolds are clearly neither Kahlerian [4] nor naturally reductive.
We should also mention that, by the above result, the standard quadruple
doesn't correspond to any new invariant Einstein metric on the homogeneous space Sp(8m(9m + 1))/4(9m + 1)Sp(2m).
However, we do find at least two new invariant Einstein metrics on the space associated to the standard quadruples Sp(8m(9m + 1)), 2Sp(4m(9m + 1)), 2(9m + 1)Sp(4m), 4(9m + 1)Sp(2m) 1 AND SHAOQIANG DENG 2 and Sp(8m(9m + 1)), 2Sp(4m(9m + 1)), 4Sp(2m(9m + 1)), 4(9m + 1)Sp(2m) .
Finally, we give some new examples of homogeneous Einstein manifolds G/H with G semisimple. Proof. The first assertion follows from Proposition 5.5 of [21] . For the basic quadruple (G, L, K, H), one has
Then we have 
Thus by (5.54) of Theorem 5.2, G admits a left invariant Einstein metric of the form g (x,y) with x 1, x y, associated to (G, L, K, {e}), which is not naturally reductive. This completes the proof of the theorem.
To the best knowledge of the authors, the Einstein metrics on compact semisimple Lie groups described on the above theorem are the first known examples of non-naturally reductive Einstein metrics which are not a product of Einstein metrics. In this appendix, we list the calculations of the related quantities in the proof of Proposition 5.1. This will be described case by case below.
In this case, we have
Then by Lemma 3.2, we have
and similarly
Therefore
Moreover, by (5.45), we have
, and similarly
It follows that ω 1 < 0 if and only if n 1 = n 2 = 2, ω 2 < 0, if and only if n 2 = n 3 = 2.
Type A. 5: e 6 ⊃ so(10) ⊕ R ⊃ so(8) ⊕ R 2 ⊃ R 6 . Note that so(10) and so (8) 
Type A. 6: e 7 ⊃ so(12) ⊕ su(2) ⊃ so(8) ⊕ 3su(2) ⊃ 7su (2) . Note that so(12), so(8) and 7su(2) are regular subalgebras of e 7 , hence we have c 1 = 
Type A. 9:
Note that 2so(8) and 8su (8) are regular subalgebras of e 8 , hence we have
It follows that
Now we deal with the cases of Type B. Notice that for any standard quadruple (G, L, K, H) listed in Table B with H = {e}, one has h n = h u = h p = 0. 1 AND SHAOQIANG DENG 2 On the other hand, we have
,
It is easily seen that ω 1 < 0 if and only if n 1 = n 2 = 2.
Since SO(8)/SO (7) is symmetric, we have l p = 1 2 . By (5.46) and (5.47), we have
Type B. 5: f 4 ⊃ so(9) ⊃ so(8).
Since F 4 /SO(9) is symmetric, we have l p = 1 2 . By (5.46) and (5.47), we have
Type B. 6: e 6 ⊃ 3su(3) ⊃ 3so(3). Note that 3su(3) is a regular subalgebra of e 6 , hence we have
Type B. 7: e 7 ⊃ su(8) ⊃ so (8) .
Since E 7 /SU(8) is symmetric, we have l p = 1 2 . By (5.46) and (5.47), we get
Type B. 13: e 8 ⊃ su(9) ⊃ so(9), and Type B. 14: e 8 ⊃ su(9) ⊃ 2su(3). 1 . Since dim 2su(3) < dim so(9) = 36, we have
Type B. 15: e 8 ⊃ 2so(8) ⊃ 8su(2), and Type B. 16: (8) is a regular subalgebra of e 8 , hence we have c 1 = . Since dim 2su(3) < dim 8su(2) = 24, we have
Type B. 17: e 8 ⊃ 2su(5) ⊃ 2so(5). Note that 2su(5) is a regular subalgebra of e 8 , SU(5)/SO(5) is symmetric, hence we have
Therefore In this appendix, we list the valuesf (1) Case (a) Type A. 4 with n 1 = n 2 = 2, namely, sp(4n 3 k) ⊃ 2sp(2n 3 k) ⊃ 4sp(n 3 k) ⊃ 4n 3 sp(k), k ≥ 1, n 3 ≥ 2.
In this case, it is easily seen that
, h p = 2k + 1 2(4n 3 k + 1)
, and
, ω 2 = 2n 3 k − 4k − 2 4n 3 k + 1 .
Therefore we have 
= k(2k − 1)(2 − 9k) 8(8k + 1) 3 < 0.
Thus 1 < z < β.
In the case n 2 = n 3 = 2, we have
, h p = 2k + 1 2(4n 1 k + 1)
Notice that the inequality ω 1 < 0 holds only when n 1 = 2, and we have studied this case in the above. Therefore in the following we assume that z < β. Now In this case, we have 1 AND SHAOQIANG DENG 2 In this case, we have
, ω 2 = 2k 4k + 1 > 0.
Thusf (β) = 0 if and only if k = 1.
